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ABSTRACT. We prove an almost sure random version of a maximum limit
theorem, using logarithmic means for maxi<i<n, X;, where {X,,,n > 1} is
a sequence of identically distributed random variables and {N,,n > 1} is a
sequence of positive integer random variables independent of {X,,n > 1}.
Furthermore, we consider the almost sure random version of a limit theorem
for kth order statistics.

1. Introduction

Let {X,,n > 1} be a sequence of independent and identically distributed
random variables with EX; =0, EX? = 1, and let S,, = X1+ Xo+-- -+ X,,.
The almost sure central limit theorem (ASCLT) says that for any fixed z € R

we have
n

1 1_[5;
i -1 |—=< = .S.
(1) nh_}rrgo lognzjl [\/5 < x] d(x), as.,

where ®(z) denotes the standard normal distribution function. This result
is a generalization of the arcsin law of Andersen and was firstly obtained by

J=1
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Brosamler [4] and Schatte [19] under additional moment conditions on X
and by Lacey and Philipp [13] under assuming only finite variance. This
result is probably the most intensively investigated in the last decade. For
the different generalizations of (1) cf. [3].

Let us consider the following three sets of distribution functions:

Case (i) D; = {F € L : there exists the positive function ¢g such that

%;(xtg)(t)) —re " ast —xp, forallz € %},

Case (ii) Dy = {F € L : xp = oo and 1:;(%)) — 7% ast — oo,

for all z > 0}, for some a > 0,

Case (iil) Doo = {F € £ : ap < comnd THEEN — oo,

as h — 04, for all z > 0}, for some « > 0,

where F(.) denotes the distribution function of X1, zp = inf{z : F(x) = 1},
and £ denotes the set of distribution functions on R. It is known (cf. [14, 17])
that if F' belongs to D1, D o or D3, with some o > 0, then there exist con-
stants {ay, by, n > 1} such that

(2) an, <1I£1ja<xn X — bn) N G, as n — o0,
where G is equal to

x

Gi(z)=e° ",

0, <0,

—(=x) <0
e b} '1" f— bl
Gaalz) = {1 $x >0

or

respectively. Conversely, if (2) holds for some sequence of independent and
identically distributed random variables {X,,n > 1}, then the possible
nondegenerate limits G are G1,G2, or G3, only. Furthermore, under
assumption (2) we have

k ¢
(3) an(Xn—km — bn) N G(x) Z (—logt'G(a:))’ as n — oo,
t=0 )

where by X1., < Xoy < X3y < -+ < Xypip we denote the order statistics of
{X1,Xs,..., Xy} These results are called the max limit theorems. In 1998,
Fahrner I. and Stadtmiiller V. [8], and independently Cheng S., Peng L. and
Qi Y. [6] proved the max limit schema version of ASCLT with k£ = 0 (cf. [7],
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too). They proved that if (2) holds, then

() lim — ill{a](maxX b~)§x]:G(:p), as.

n—oo logn *J 1<i<j
j_

for any « € R. This result was generalized on case kth order statististic
by Stadtmiiller [18]. Assuming (2) and that {X,,,n > 1} is an independent
and identically distributed sequence with continuous distribution function
of X1, he proved that

n k

(5) lim 1 > l[[aj (Xjopy —bj) < a] =G(x))

n—oo |
ogn 5 J t=0

(—log G(x))"
t! ’

a.s.

(In order to get simpler formulas here and in what follows, we put P[X;., <
xz]:=1for 7 <0,k >0or k> j.) However, among the different generaliza-
tions of ASCLT there is no version of ASCLT with random indices, although
the first central limit theorem results and max limit theorem results almost
at once obtained such generalization (cf., for e.g., [16], in CLT case and [1]
in max limit theorem case). The main reason is that the random indexing
introduces the big level of complications and numerical difficulties. In this
paper we generalize the results of [6, 8] and [18] in the following directions:

(i) We drop the assumption of interindependency of {X,,n > 1} con-
sidering the stationary sequences.

(ii) We consider the randomly indexed version of (5). Assuming inde-
pendence between the sequence {X,,n > 1} and the sequence of
random indices {N,,n > 1}, we give the conditions under which

n

1 1
A e ; 3(1 25 (X oy = by) < @]

(6)

N .

ko .
Zt—[ “log Gla )} ) =0, as.

(iii) In comparison with the result of [18], we omit the assumption on
continuity of the distribution function of Xj.
In the whole paper we will use the notations: x V y = max{z,y} and
x Ay = min{z,y}.

2. Main results

Let {X,,n > 1} be a sequence of identically distributed random variables
with the common distribution function F' such that for some constants
{an,bp,n > 1} we have

1<5<n

(7) an <maxX—b>2>G, as n — 0o,
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with G equal to G1,G2,4 or G3 4. Let {f(n,n > 1} be a sequence of inde-
pendent and identically distributed random variables with the distribution
function F. For x,y € R we will put

vj =afaj+bj, j =1,
and for some positive constants 8 and positive integer k:
ajn(2,y) = |P[Xj_kj < 2, Xnoken <y = P[Xj ey < 2, Xpoper < 9)°),
() ay(@) = |PX; iy < 2] - PX; sy < al’].
The coefficients «;(z) defined in (8) are called the extremal index of sta-
tionary sequence {X,,n > 1} and were introduced in [15] and studied in-

tensively in [11]. These coefficients stand the analogue of mixing condition
in max-limit theory.

Theorem 1. Let {X,,n > 1} be a sequence of identically distributed ran-
dom variables with common distribution function F satisfying condition (7)
for some numbers {ay, by, n > 1}. Let {Np,n > 1} be a sequence of pairwise
independent random indezxes independent of {X,,n > 1}. Let us assume
that for some fized p € (0,1),
n h—1

(9) DI (N AR 1) — 0 ((logn)**).

h=1 j= 1

Furthermore, let us assume that

n h—1
(10) ZZ —FEan; n, (vj,v) = O ((logn)z_“),
h=1 j= 1
and
(11) > ;EaNj (v;) = O ((log n)>™*).

In the case when G = G with some a > 0, we assume additionally that
for some 69 > 0,

(12) P [NJ < 50} =0 ((logj)™), as j— oo.
J
Then
1 1 0 as,
(13) o Z (I[aj(XN N, — by) < 2 —HGV,C’NJ_M(:,;)) 5 ),

as n — 0o, where

_[aP@) Sk L-Blog G()), if Glz) > 0,
Hg g p(z) = 0 @) — 0.
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Let f(.) be a a.e. continuous, bounded real function, such that f(—oo) = 0,
f(+o0) =0. If liminf% > C >0, then

n

(14) 1 Zl’<f(aj(XNj—k1Nj —b;)) - /_OO f(x)Hg’7k,Nj/j(d$)> 250,

logn =

asn — 0o.

Additionally, if there exists a positive bounded from 0 random variable A
such that d(%, A) = O((logj)™"), where d(X,Y) is the Lévy—Prokhorov’s
distance between random variables X and Y (i.e. d(X,Y) = inf{e > 0 :
P[|X = Y| > ¢ <¢€}), then

n

15) o 3 (Flason, =) = [ @) a@)) <50,

Jj=1
as n — 0.

Corollary 1. Let {X,,,n > 1} be a sequence of independent and identically
distributed random variables with common distribution function F, and let
{Ny,n > 1} be a sequence of pairwise independent random indexes indepen-
dent of {X,,,n > 1}. Let us assume (7), (9), and in case when G = G4
with some o > 0, (12) hold. Then

n

1 1 a.s.
oz ; ; <I [aj(XNjfk’:Nj —bj) <z] - HG,k,Nj/j(w)> — 0,

as n — oo.
Let f(.) be a a.e. continuous, bounded real function, such that f(—o0) =0,

f(+o0) =0. If liminf% > C >0, then

1 1 o0 as.
3! < F(ay (X o, — b)) — / f<x>HG,k,Nj/j<dx>) as g
j=1 —0
as n — oQ.

Additionally, if there exists a positive bounded from 0 random variable A
such that d(%, >\> = O((logj)™"), then

1 1 > a.s,
logn JZ; 5 (f(aj(XNj—kiNj - bj)) - /OO f(x)HG,k,/\(dw)> — 0,
as n — o0o.

Corollary 2. Let {X,,,n > 1} be a sequence of independent and identically
distributed random variables with common distribution function F, and let
{Np,n > 1} be a sequence of pairwise independent random indezxes indepen-
dent of {X,,,n > 1}. Let us assume (7), (9), and in case when G = G,
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with some o > 0, (12) hold. Then

n

1 Z 1 <I |:aj< max X; — bj) < ;17:| — GNj/j(x)> 5,

logn 4 ] 1<i<N;
]:

as n — oo.
Let f(.) be a a.e. continuous, bounded real function, such that f(—o0) =0,

f(4+o00) =0. If liminf% > C >0, then

lo;n i: ; <f<aj(1g;§>]§7j X; — bj)) — /_Z f(x)GNj/j(dx)> 50,

Jj=1

as n — oo.
Additionally, if there exists a positive bounded from 0 random variable A

such that d(%,x) = O((log §)~*), then

o 25 (s ximm)) = [ s <o

=1

as n — o0.

Putting in Corollary 1 and 2 the sequence N; = j, a.s., j > 1, we obtain
the main results in [6], [8] and [18].
3. Proofs

Lemma 1. Let x,y € [0,1], a > 0 be arbitrary numbers.
(i) Fory >0, we have
% — 4| < afw — y[*M.

(ii) For a <1, we have

|z —yl
a a’ <
Tyl
(iii) For arbitraryt € N, 1/t > a, we have

|z

(e/a)t_l ‘.,L,l—at _ yl—at‘.
1—oat
Proof of Lemma 1. If o« < 1 we consider the functions f(z) = z*—y* and
g(x) = (r —y)® in the interval [y, 1]. Now f(y) = 0 = g(y) and inequality
y a o
fz) = xl-« = (x —y)t—@
ends the proof of (i) in the case > y. Case x < y follows by symmetry

and case x = y is obvious.
When « € (0,1) let k be chosen such that 2% <a< %%1 Then

($2ko¢_y2ka) — (l,a_ya)(l,oz+ya)($2a+y2a)(x4a+y4a) o (ka*1a+y2k*1a)‘

2(~loga)" — y(~logy)'| < (= At)

=g'(),
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Thus, by the above proved case a > 1, we have

2 — y| > [a® — y? |y 22T pa a0 -) S g e 2a

9

which gives (ii).
For proof of Lemma 1 (iii) we consider the case that x > y > 0 and
x(—logx)t > y(—logy)?!, firstly. Let us define two functions

f(z) =z(—logz)" —y(—logy)" and g(z) = ieiao); (z17ot —qlmaty,

Obviously f(y) = g(y) = 0 and
F(@) = (—logz)" " (~logz — 1) < (~loga), 4(x) = (e/a)'z"".

Now we remark that the maximum of the function —z® log x in area (0, +00)
is achieved for z = e~/ and is equal e /v, which ends the proof of Lemma 1
(iii) in this case.

When z > y > 0 and z(—logz)! < y(—logy)!, then —t < logz < 0
(note that function z(—logx)! is increasing in the interval (0,e~*)). Thus,
putting f(z) = —z(—logz)" + y(—logy)!, and g(z) = t%(xl_at -
y' =), we have f(y) = g(y) = 0 and f'(z) = (~logz)"'(logz +1t) <
t(—logz)=t, ¢'(x) = t(e/a)~tx~ such that the argumentation similar to
the above ends the proof. O

In the paper [12] (Lemma 7) the following lemma was proved.

Lemma 2.

(a) Let {X,,n > 1} be a sequence of random variables such that X, —
0, a.s., as n — 00, and for some positive real constant K and every
n, | Xn| < K, a.s. Then

n

X.
Z—,J%o, as mn — 0.
J

1
logn

j=1

(b) Let {Xy,n > 1} be an arbitrary sequence of random variables such
that for some p € (0,1), we have d(X,,0) = O((logn)™*) and
| Xn| < K a.s. for some positive constants K. Then

n

1 X,
Z—,’%o, as m — oo.
logn J

J=1

(c) For every convergent to zero sequence of real numbers {e,,n > 1},
we have
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Lemma 3. Let {X,,n > 1} be a sequence of independent and identically
distributed random variables such that L(X1) = F(.). Then for every posi-
tive integers j,1, k such that j ANl > k, we have

k

(16) PXjpj<al=Y (i) Fit(2)(1 — F(2))!,

t=0
and
(17) PIXj_pj < 2, Xi—pa < y] < P[Xjpj < 2]P[Xi_pa < y|F (2 Vy) M
Proof of Lemma 3. The evaluation (16) is proved in Lemma A.1 whereas
the evaluation (17) is a small generalization of Lemma A.2 ([18], p. 422

424). From Lemma A.2 in case 1 <k <j<landz >y and inequality
P(X;_kj <z] < P[X;; <z]=F/(x), we have

P[Xj*k?j <, Xj gy < y] = P[lek:l < y]
< P[Xj_pj < @]P[Xipa S ylF(zVy) ™.
O

Proof of Theorem 1. In the whole proof we will use notation & ;(k) =
Ifaj(X)—jq — b;) < ],k > 0. We have

n

1 1
logn ; j <I [ (Xn; -k, = bj) < @] = Hg,k,Nj/j(x>>
1 =1l
= fogn ; 5 ;(&J(ls) ~ B ()N = 1]
1 Rl , -
* logn ; j ;(E&’j(k) = He gy (@) [N; = 1]

— Vi(n) + Va(n), say.

Step 1. At first we consider the case G(z) > 0.

In order to prove that |Vi(n)| =3 0, we need some upper estimation on the
value cov(& j(k),&.i(k)). However, firstly we evaluate

I jai(k; 0) = PO X pon < vjy X1 g < 0i]=P?[ X g < 0]PY[X) e < 03]

By Lemma 3 and the fact that F' is nondecreasing and v;v; < v; V v; we
have

Injpi(k; 0) < [F700MND (y0,) — 1 AL

Now we consider the sequence ¢;, = h(1—F(vy)). By (2) and Theorem 1.5.1
in Leadbetter [14] we have for = € R, and h — oo,

cp, — —log G(x).
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Since limp, 00 1 — F(vp) = limp_ 00 w = 0, then we may choose n,
such that 1 — F(v,) < 1, for every h > n,. Thus

O(INh)
1_(’LV]) zV] "
sz
<

1) and |1 —e®| < |z|ele]

Inja,i(k; 0) <

From inequalities e 2% < 1 —x (valid for 0 < z
we have for i V j > n,,

20c(ivj) 2V (1 m)

2e(ivy)
0= (Inh) ) (1 /\h)e @)
1V

Injai(k;0) < e !

—1‘/\1<

(18)
2ebcipyin (LA R
< 2w UAR) )

1V

and for ¢V j < n,,
Injai(k; 0) <1
On the other hand, by (8)

P[Xp_ o < 2]P[X)_g1 < yl—P[Xn g < 2]’ P[X) g1 < 9]’ < an(@)+au(y),
thus in the case h < [, and v; < v;

(19)  cov(&n,j(k), (k) < ani(vj,vi) + In jui(k; 0) + an(v;) + ai(vi),

whereas in the case h <[, and v; > v;

(20) cov(&n,j(K), i(k)) < Tnjip,i(K; ) + an(v)) + 2au(vi).
Thus from (9)—(11) and (18)—(20)

Var(Vi(n)logn) = > P[N; =1;,j > 1]Var (Z &;Lh>
h=1

{l;eNN}
n h—1 n h—1

1 N; NN,
<2303 ) +230 3 8 (M)
h=1 j= hl]l

+ 42 Eap, (vp)log b 4 logn 4 log®n, = O ((10gn)2 ).
h=1
Now we put n = n(k) = ok

Cantelli lemma, we have
(21) Vi(n(k)) — 0, as k — oo,
with probability one. Furthermore, for n(k) <n < n(k + 1)

Vi) = 2By ) Z Z(@,J B, () ) 1IN, = 1)
1 1=

and by Chebyshev’s inequality and Borel-
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Taking into account ({5:)%#Vi(n(k)) < BB v;(n(k)) < Vi(n(k)), (21)

—  logn
and evaluation
n(k+1
; Z 1_los N (ke 1)
logn j = logn(k) k2/n

— 0, as k — oo,

we get,
lim Vi(n) =0 as.

n—oo

Let us prove Vg( ) 2% 0. We have by Lemma 1

Vel = 1Ogn Z Z |P[X1 gt < v5] = PP[Xi g < 0j)|I[N; = 1]
: o1
+ logn JZ; lz; |P Xl k:l < ’U]] HG,k,l/n($)‘ I[N] — l]
. on1 o
N logn;jEO‘Nﬂ'(”ﬂ) lognjzl Z’f (012%;\17( [ log F'(v;)]

— G () [~ 10g G (@) ) T[Ny = 1]

1 1 1 1 1 |FI(v;) — oAl
Zf.EaNj(vj) Z 1 om max—| (v;) — G(z)] .

~ logn P logn 0<t<k t! G212 ()

Because from (7) we have F(Un) — G(x), thus by Lemma 2
[Va(n)] 220, as n — oo.
Thus (13) is proved in case G(z) > 0

Step 2. Let us consider the case x such that G(z) = 0.
By the part of Theorem proved above and monotonicity the indicator
function for arbitrary 6 > 0, x < 0, we have

n

0= 1 Z 1 <£NJ’]( )~ Hg:k’ﬂi/j(‘r)) - lo;n Z;é-Nj:j(k)
j=1

logn

n

1 1
Z Tla; XN, —k:n, + bj < 0]

10gj

<

0
< Hf 5. (0) logn Z I] 7 < 8] + .

Then from the arbltrarmess of § > 0, Lemma 2(b) and (12), we have (13).
Step 3. We show the proof of (14) because (15) runs similarly.

For every € > 0 let us define the partition of real axis II(¢) = {—o0 =
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Co < €1 < 2 < v < G = 00} such that sup, e, ey 1f(2) — F(Y)] <
€/2,i=0,1,2,...,m(e) — 1. Let us define A(z) = s;, for x € (¢;,¢i11),1 =
0,1,2,..,m(e) — 1, where s; = SUPte (i 0011) f(t),i=0,1,2,...,m(e) — 1. For
a sufficiently large n, we have

Z - f(a;(Xn,—:v, — bj)) <

ZACL]XN —k:N; b))

1ogn 10gn
m(e) . .
= Z skHe g v /5 ((crs crgn) + 3
k=1

:/ Az )Hgk,Nj/j(dl’)+§
< [ H@ )+ [ 1AG) = S@HE () +

< [ S )+

From the arbitrariness of €, we get (14).
Step 4. Now we will prove the second part of Theorem 1.

If 0 < G(z) < 1 then, considering the different cases of limiting laws
G1,G2,q, and (3,4, and taking into account inequality

" —e¥| <z —y|(e” + ),

we always obtain

Nj
‘Gz‘( ) — Gz

)| <[5 ol (kv i (67 0+ )

<C ,J—A‘.
J

On the other hand, by Lemma 1, we have

[ HE v, 5(2) = B ()] < 1Hagow/5(2) = Heea ()

TS

< K max
0<t<k

N3 () [~ 10 GN3 ()] ") [~ 108 (@)

‘(17615)(9/\1)

< C max ‘GNj/j(x) — GMx)
0<t<k

< Cd(N; /5, N PO A1
for every 0 < 8 < 1/k, which, by Lemma 2(b), proves Theorem 1. For

G2,.a(z) = 0 or G3(x) = 1 the proof of the second part of Theorem 1 is
obvious. O
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4. Examples and applications

Example 1.
(a) Let {N;j,7 > 1} be a sequence of independent random variables such
that N; ~ B; +; Pozs()\ ) (the uncentred and unnormalized Poisson’s law,

P[N; = Bj+kv;] = & e_/\J k=0,1,2,...) for some sequence of nonnegative
numbers {A;,v;,7 > 1} and a sequence of numbers {f;,j > 1}. If

(22) B+ A = 03),

then (9) holds. On the other hand, if for some d, > 0, > 0, we have
- Ny

(700 = B;)log )" _

Vv -

(23)

then (12) holds.

(b) Let {Nj,j > 1} be a sequence of independent random variables such
that N; ~ B; + v;B(n;,p;j) (the uncentred and unnormalized Bernouilly’s
law, P[N; = B; + k] = (%)p;“(l — pj)”j’k,k =0,1,2,...,n;) for some
sequence of nonnegative numbers {n;,~;,j > 1}, numbers {3;,j > 1} and
numbers {p;,j > 1} such that 0 <p; <1, j>1. If

(24) Bj +vinp; = O(j),

then (9) holds. On the other hand, if for some ¢, > 0, u > 0, we have

(Jdo — Bj)(og j)"/nyp; (1 — p;)
i

(25) <,

then (12) holds.

(c) Let {Nj,j > 1} be a sequence of independent random variables such
that N; ~ f; + v;U(n;) (the uncentred and unnormalized uniform law,

P[N; = Bj + k| = n%-v k=1,2,...,n;) for some sequence of nonnegative
numbers {n;,~;,j > 1} and sequence of numbers {f;,j > 1}. If

n; +1 .
(26) B +v=5— =00),

then (9) holds. On the other hand, if for some 6, > 0, u > 0, we have
(j(so - ﬂj)(logj)u
n;7j

(27) <C,

then (12) holds.

Proof of Example 1 (a). Under such defined sequence {N;,j > 1} we
have EN; = B + A, j > 1, and

N k-1 N k-1

N; AN, B + Y1 L
szk < k:/\1> » J]kZJ ;k ((log N)>).

k=1 j=1 k=1 j=1
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Furthermore, it is easy to check that for arbitrary A > 0, we have
Ak )\} )\[)\] N )\[)\]+1 \
sup§ ——€ <max\{ —e *, —/——e " ),
e { k! = A YRS
and by Stirling formulae we have

su {)\ke_/\}< ¢
kzg k! T V2

Thus

(%0 =B3)/7i \k .
N, A% 80j — B
P|:<50:|: E 36—/\j<03753 ji>1,

which ends the proof of point (a). The proof of points (b)—(c) is similar and
will be omitted. U

The different constructions of stationary sequences nonidentically dis-
tributed random variables {X,,,n > 1}, satisfying conditions «;(v;) — 0 or
a;jn(vj,vp) — 0 as j,h — oo may be found in [11].
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